











































































































SYMPLECTIC GEOMETRY PRECIS
In preparationfortheQualifying Examination

Examples

1 IR wo no I dogadySymplectic Manifolds

Basic concepts a s

M w symplectic iff dimm 2n w is

Thm w symplectic wn to

MastovIndex Symplectic Vector Bundle

a iii
an

Example E m anyvb then E E
index t an e Fees

p n
S

scan vout woow.tl wilvo views

4 Rh splan
homotopy product directsumand normalization

flow through un andtake degree

t.gs1p is
Lagrangian frameunitary E it unitary

Prop ne n and a espan Anc n
n n cLim Aeulnls.tn An

canbuild a symplectically standardand orthogonalbasis
using cagrangians














































































































Moser andDarboux

Usefullemma pitwe pet we Event

Tubular Neighbourhood Theorem

fimii i.ni M then convexnhood noof in Nx
and nhood u of em and a diffeomorphism e small up qexs.tl p al isminimal

let it U p to q4

y Y µEM smoothsubmersion sit 11the to

i I mint Yixian
let exp

cY
E small Nye

ex
ye

io i

For compact mani replace 1 1 with Riemmannorm

tomotopy Invariance

etpiMS a closeddegk thenpfwalsoclosed
How are epitw and w related

pit id do Qd p.tw w
Difference is exact

Moser's Theorem Moser Trick
Mcompact Two wit and wt a two tw on a compact manifold equivalent to finding a tami
symplectic teeo.is then p Mxr M set of v f
pitot wo and yo id If such aptexists then 0 Petwe

p f wt extwt

Lx.ua wt 0

49 fi w wo au

Moser equation 2x wt n o














































































































Relative Moser Proof uses Relative Poincaré Lemma
i X M compact nowe symplectic on M suem i M wclosedon u i w 0
s t wolp welp Pex Then no u em

w exact and w du ne r u un o vice4 40 u sit
no su etw two
I I proof sketch

choose nhood U of w wo closedand vanisheson
Relativepoincaré men a s.tw wo da

up o pex
Let wt i two tw no tan sumponsmall u

Then apply moser

Application Darboux

Msw letPEM Then a xi g on p sit onu proofsketch

a Eaninas a t.in i E am

i e Ji y ox

Weinstein Lagrangian Neighbourhood Theorem Two Important PrelimResults

Technical have itw itwo o on butdoesnot
99 L say wile wolet rex workaround perturbw

no y a little so that it agreesVpex thenapplymoser

i i Ytw two
Prop v ro un r symplectic vector space a
Lagrangian for no R w any complementto u inv
FromW we can canonically construct a lineariso
L v V s.tl u idlu Ltr no

Whitney extensiontheorem suppose Pex wehave a
lineariso LpTpm Tpm sit It id andupdepe
smoothly on p Then embedding n N M

xens.tnx idx anp lpvpex

WINTPROOF

Whitney nhood Nof x h N ms.tn x idx

an.in
p in wot

Apply moserto woandntw on i X N fin N
let a not














































































































Contact Structures contact manifold Examples

1 12 α Is ax azcontactmanifold M S dimm anti 5 a codin 1
disth thatismaximally nonintegrable say 5 Kercal da dy nax
Frobeniussays do o on integrable
contact iswhen do is nondegenerate Sg span 9

dacx.it ay y a x ix47
Ra

Propertiesof contactforms
Legendrian planesparallelto y axis1 do nondeg da voiformons an a to

21 5 Kerca Kercal a contact a contact 2 rent α ftp.dxj xjay z
fat too

3 da independentof α upto the scaling isomorphic to 11

and
w.my miiig

t ietbundle
Legendrian CIMs Legendrian if Tql 15gdog
Lagrangiansubspace

is a contact manifold w contactform

Integralsubmanifolds LEM s t Tal esa areisotropic α can at

Reebvectorfield Tqm l 059 Ra
sq Kercaal e ker dog

legendrian Ls x ascal sin x.cl as't
v f Ra m TM s t 214190 0 acy 1 for any sec co

4 Riemannian L M STTL betheunitsphere bundleRB a do iscontact p fxu u isnever
dacvi.ve coxa vlive α cantsetti

isa contact formcontactvector fieldassociatedwith H
Ra Hamiltonianv f dual togeodesicflowon it

pXn axon H xu

5 Ʃ sent IR an v.ge Ʃ

59 TqƩnJoTaƩ
has codim 1

I yax aids
Reeb flow i zy is 2x














































































































Contactomorphisms

contactomorphism MS α contactform 4 M M
a diffeo sit 4 α ehα ne.com

contactisotopy UtMom yo id Yeta ehᵗα

Contactvectorfields proofof contact v f Equivalence

I
coma

1 M TM is contact iff HM IR sit
2 dα ga H evalon Rtogetg 2rdH

2 2 4 2xda 2nd4 α an H

12 This is invertible any c.com gives v f
let Hecom section 2 5 sit zadal ants
Let H HY z

Important Exercise Remarks

1 Notevery contactv f is the Reebv f ofa contactform

is Reebvf of α istransverse to s
i e x to definingα

2 β a 1form sit β R O then v f e s
such that β 2xda

Contact Isotopy contact Darboux

Idea want at ms at sit etat teao 40 id TnmEvery contactstructure is locally diffeomorphic to the
lootforuf get t.ee no id standard structure

e at exeat geeta at afft

find t n geoee at Efficka point.pem Lookat Tpm spoep Thenfor

a exeat na a

symplectically standard

2 Then thesegive a chart u 1Rn xi yi a
To solve let he are α Then neatHat forwhich 0201 alp butnot necessarily everywhere
vanishes on Yt Then Xt s t 3 Interpolate de 020 i t α all contact

4 Gray's 4 at f do so doll a rentis
axedat heat at Xt 0 the appropriatechart
































































































Gray's stability Theorem

at contact ona closed manifold at et fta

1 Equivalenttoshow 4 at feao
2 Let he 2kt at and let oe feat heat
Then seeker R of is tangent to 5

3 Invert ot to get e E St 2x dat Ot 2 4
4 satisfies at exeat heat

5 flowof at m compact smooth

4T et

6 set ft efotht.ee at

7 check f Yetat o

Symplectization

Examples

M contact Then 1 Unitsphere m s a IIy.gr ajay
w a v4 Him so symplectization an1901 with standardform

w Ttmwean Rx s an190 s x g t.es2Cxtiy

Wa IRxM wa dcesx
2 Euclideanspace m R α y dx da

Then 20 IRXM W s q esaa
is a symplectomorphism wa wa w weanw a I s.esz.a.es am.es

M contact Then
3 Toms unit cotangent bundle

w a v4 Him so 255 parallelizable bc liegroup M Tin s

wec im.w.am s.mn i iI Yiti i ma.es

Wa IR M wa dies
Then 20 IRXM W s q esaa
is a symplectomorphism wa wa w weanw



Prop w.wssymplectic new contacthypersurface TFAE

in i u i'I mmI too to alsocontact
wa wa WfaWta s g s logfeal q

Pf 2 a a z Sw2 LCM legendrian IRXL Lagrangian in wa
3 4 M M contactomorphism end

Gs.gs s heatrecall a symplectomorphism

symplectic contact

iouvillevectorfield W w sit
w draw w

low t.tw etw wherever defined

Idea M W w when a wawa iiiw
Idea need a vector field that acts like
and carries symplectic structure

0 esa estta

42 two etwa
want 4 w etw

c ee



Almost complex structures

J Tm Tm J id
m alwaysorientedw evenaim

in

wxcu.rs Taurus Lucasaxus

Almost compatible structures levicivita
VI T scrus 0

crusv w vWasw o
dwcu.v.ws S Crusvw
w closed T.us ice 1

Integrability

nolo chartsforwhich lookslike caffira

u 0in cir ddq.iq Toodda

Nijenhuis Tensor
N ixy x.it IX4 six54 ix TY

Integrability theorem J integrable N o

Rem acs maybenolocal acdiffeos
it preserves

in I thisprefer

Theorem every acs ona 2aim manifold is integrable

Kanter manifolds

c
in

1m wt I is w compatible

wo 227 II atndx ̅ Hz z E

Ex2 eph to zn trans arenow
mustby i is a valid integrable cs tubini study
form is compatible with J



Circle Actions

IE i
H momentmap

rem s then
cnn.mn

Ii in a ien

If _themp t.ie
quotient at it isalen w

no
ms th sent or is the

condition for s actions to be Hamiltonian er on no to z.SEEP l to 0 is givenby

Wes 1 4 42 a retiy



J holo curves
Example

Riemann surface Ʃ ie avole
v 5 sixse 5,052 product oftwo Riemann

I nowcurve a e m s t au iscomplex linear wrt surfaces Then the graphs of nolo maps s 5 sa
are regular i curvescut In Joan e r Ʃattm

conformal cords 2 s it on Ʃ

5 a us Jutas Cut Jus at
a j now us sue o

Critical points

Lem u M E closed J C a nonconstant Then

is finite mi.ie

asa slu ata o asTeca soatTelus o

acts ate oct1 asu z eaze ale
Then octtice acts to duct to

Importantresults

11 if two5nolopoints sequences converging tothe
same regular point then in a neighbourhood
of zero they must be relatedby anolotet

2 T C soƩ closed ai Ei m s now with
noEo a Eo nonconstant Then no u.ca is
at most countableandcanonlyaccumulateatcriticalpts



somewhere Injective curves

multiply covered Ʃ compact E comp

and a Ʃ m and now branched covering 0 Ʃ
sit u a'o deglo i

somewhere injective zeƩ sitduct o a uses 21
simple sholos haveinjectivepointsopen anddense

simple s nolo somewhere injective

a io s i a mea

to be simple somewhere in

Branchpoints

at



Moduli spaces and Transversality II properties of Du

u A Ʃ uecocz.MS Joauauoiz.tus A Duis an r linear cauchy Riemannoperator hence is Fredno

a A 2 UCAƩ In simple a Fredholm dimcker dimicoker o

RiemannRoch inacea no Tm
I Description of a using a aimbundles

B a m us A
Tub r Ʃ attm smooth vf eTmalong a I U is a manifold for generic J

É ftp ffgf
and antilineart.ms utca2 Cns sese.aeutcaƩ

in iE o nacate
II the operator Du

usee ca to have Banach manifold Fredholm sardsmale
Du vertical differential of s at a

E Eu asTue tcu.se Sobolev spaces

Transverse n Dasurjective

In local conformalcoordinates Ideaof proof of manifold structure

I
real cauan Is wn wa

IE.no uttm
Riemannoperator

General description of operator Fu o of sitparalleltransportingalong themgiveso
then

peI.nE fainu ca.esneed to split TcuascusEinto horizontal verticaldistas

f it
Let beregular dtu o Duis surjective
and Fu Fredholm between Banachspaces then5 I In expacs m n aim ImplicitFunction theorem neighbourhood

parallel transportalong geodesics s expucassea of 0 in w P Ʃ Tm ns.t unico is a subman
of dim indFa n 2 29 c A

set Fu Iasi's expats Then use diffeo togetchart in U E AS

Picture Das dealers Thatdeals withthe cecase whatabout co

Answer Elliptic Bootstrapping
expuls

tn n ea i.Ei i
u is ofclass c and if T issmooth thenso is u



proofthat regulars aregeneric

keyingredient theprojection it u AE e Je

tangentspaceofmoduli space

amnion
fiiiiii.in

comprisespairs sY sit

us EYCuloduoj.io

Ker att s e Tau AƩ kerba
Dealsw her coker that of Dabysome linearAlg
so since Du is Fredholm dit Fredholm
Then use saidsmale



Compactness

I Energy

Eca IS uh IS ducalavole
on a closed Ʃ topological invariant

uniform bound on du spilldu'llon a

convergence to 5nov curve

case when but

then get formationof bubbles

I i iii in
am

passto a subsequence tv to a a

idea basically looklocallyat a chart of Ʃ
S Ʃ sit 010 to

drol a'asnot
r o.o o 1 I t 2

FI r m

limo2 0 and a snapaug2 ll a

II a nee sit the

Idea is toshowthat reparametrizing no we
can describethelimit as a 5novsphere

v0 Beau M 2 Edman
mood

Then lancollet hdvullcocr.ec 2

E v Bear ECW

thissatisfies conditions for convergenceof subsequence
limit functigan IM Ji L sype.lu

Then reparametrize back also M z V



Gromov Nonsqueezing Pictures

B a symplectic embeddin then

outlineof Proof Bmr zener

111 a B Cr B R IR 2 compactify

i iii iii ii man u goingthroughocos

Twoways using snolo spheres or J holodisks

Disks look at MCD2A G A B R Pt

cook up a 5 novdisk u D2D E 22
through 010cz

Lookat zcbacrdnuld.am andtake it callit Ʃ
Picture inclusions D

if D is a diskin B r then 2is a symplectomorphism

on it so 2 is welldefined a
Hence get it 2 on

u goingthrough00
note E C Inter and a az career

inter a

NoteHowto thinkof snolodisk
monotonicity lemma w̅ E0 Cano propernow
then trio

Juicer ñ w are

f itws.ir

ontheotherhand one ñw Ftw 2ñTw utw

S w S u w Soutw

areaD2
ITR

Ar R2 r R


